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ABSTRACT
It is well-known that given survey data at hand by a given method, it is
possible to examine how this method promises to fare vis- à -vis another
one that might have been employed but not actually implemented. We
illustrate how this may be extended to cover Randomized Response (RR)
Techniques (RRT) by citing a few RR procedures in combination with a
few sample selection methods generally in use. Developing the theory,
simulated results are presented to demonstrate interesting numerical
findings in this context.
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1. Introduction

Cochran (1977) gave a formula to examine the gain in efficiency in stratified simple random
sampling over a simpler procedure of unstratified simple random sampling both without
replacement. Rao (1961) gave an interesting alternative with a novel approach for the same
purpose. Chaudhuri and Pal (2022) mentioned a possible application of Rao (1961)’s approach
in order to examine if the sample survey data gathered by a rather complex selection method
and employed to estimate a finite population total or mean by an unbiased estimator, may
yield an unbiased variance estimate for it less than that by a rival sample selection and
unbiased estimation method that might have been employed for the sake of simplicity but not
actually implemented. Their book referred to the work by Chaudhuri and Samaddar (2022)
which used this Rao (1961) approach illustrating strategies of sample selection by probability
proportional to size without replacement (PPSWOR) combined with Des (1956) estimator of
total versus Simple Random Sampling Without Replacement (SRSWOR) and similarly two
other pairs of survey sampling strategies.

In this article, we attempt an extension of Rao (1961) approach to cover rival procedures of
sample selection, RR data gathering techniques (RRT) and use of several unbiased estimators
of finite population totals and means. Section 2 presents briefly the theoretical procedures
of estimation of totals and estimations of their variances when the survey data are gathered
by Warner’s device. Sections 3 and 4 develop the estimation procedure in general approach.
Section 5 discusses how to simulate data to present numerical findings to compare relative
efficiencies of rival estimation procedures. Section 6 presents tables showing the findings and
the conclusions to draw.
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2. Estimation of finite population totals from survey data gathered by warner’s
RR procedure by SRSWR and PPSWR sampling methods

In human surveys, sometimes situations arise demanding coverage of sensitive, stigmatizing
and incriminating issues. Enquirers feel delicacies to directly ask sampled persons such
questions relating, for examples, to habitual drunkenness, unlawfully speedy driving, conjugal
misbehaviors, experiences in induced abortions, fraudulent tax-evasions, false claims for
public grants-in aid, experiences in treatment, for AIDS and expenses incurred for treatment
of venereal diseases and similar items. Even if asked, truthful responses are hard to come by.

Warner (1965) gave his Randomized Response Technique (RRT) as a globally admired clue.
To implement Warner’s RRT, an enquirer approaches a respondent with a box containing a
number of identical cards marked A and its complement Ac and requests for a truthful “Yes” or
“No” responses on randomly drawing a card from the box about whether the card type A or Ac

drawn “matches” or “does not match” his/her own characteristic A or Ac and return the card
to the box. The enquirer is not to see the card type drawn and hence, the respondent believes
not to have divulged his/her true feature and thus confidentiality or secrecy is protected.

Denoting the finite survey-population U = (1, 2, . . . , i, . . . N) of N individuals and the
vector Y = (y1y2, . . . ., yi, . . . yN) of values yi for the ith (i ∈ U) population unit on a real
variable y so that

yi =
{

1 if i bears A
0 if i bears Ac ; i= 1, 2, . . . ,N

Further, we shall denote yi = 1 or 0 as the y-value for a unit chosen on the ith draw and Ii =
1 or 0 as the response from a unit chosen on the ith draw in case the units are chosen “with
replacement.”

Denoting by X = (x1x2, . . . , xi . . . , xN), a vector of N co-ordinates xi for the units i of U

on another variable x such that 0 < xi < 1 for i = 1, 2, . . . , N and X =
N∑

i=1
xi and these x′

is are

called “Size measures.” Then pi = xi
X for i = 1, 2 . . . N, are called “Normed size-measures.”

Now suppose our intention is to estimate Y =
N∑

i=1
yi the total or the mean Y = Y

N and for

this a sample s is drawn from U in n (2 ≤ n ≤ N) draws by the probability proportional to size
with replacement (PPSWR) method using the values of X supposed to be all fixed and known-
the values yi of course are unknown and cannot be ascertained but Ii values are gathered with
respective probabilities pi = xi

X in n independent draws. Thus, let ERVRCR denote operators
for expectation, variance, and covariance with respect to RR method not only due to Warner
but generically any RRT. Then, we work out

ER (Ii) = pyi+
(
1−p

)
(1−yi)

for Warner’s RRT on taking a proportion p of cards marked A and (1 − p) of cards marked
Ac so that 0 < p < 1.

Then, ri = Ii−(1−p)

(2p−1)
, taking p �= 1

2 has ER (ri) = yi.
Also, VR (ri) = 1

(2p−1)2 VR (Ii) = p(1−p)

(2p−1)2 because I2
i = Ii and y2

i = yi.

Using the Ii values from a PPSWR sample s in n draws, we get an estimator eHH = 1
n

N∑
i=1

ri
pi

fsi
for which EPER (eHH) = Y and E = EPER = EREP is obvious from Arnab (1990). Here EP, ER
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are the operators for design-based and RR-based expectation, respectively, and fsi denotes the
number of times the ith unit is selected in the sample s.

Now, VR (eHH) = 1
n

p(1−p)

(2p−1)2 and V (eHH) = EREP(eHH−Y)2 = EPER(eHH−Y)2 implies

V (eHH) = 1
n

N∑
i=1

pi(
yi
pi

−Y)2+ 1
n

(
p
(
1−p

)
(2p−1)2

) N∑
i=1

1
pi

+n−1
n

N

(
p
(
1−p

)
(2p−1)2

)

It follows that

v(eHH) = 1
n(n − 1)

n∑
i=1

fsi
(

ri
pi

− eHH

)2
+ 1

n

(
p(1 − p)

(2p − 1)2

) N∑
i=1

fsi
pi

has E (v(eHH))

= EPERv(eHH)

= EREPv(eHH)

= V(eHH)

that is, v (eHH) is an unbiased estimator of the variance of the Hansen Hurwitz (HH) (Hansen
and Hurwitz, 1943) estimator eHH for Y in case a PPSWR sample s is drawn from U in n
draws and RR data are obtained then by Warner (1965) RR with the PPSWR sampling and
combining this with Hansen Hurwitz estimator is more complicated than SRSWR sampling
and combining that with the expansion estimator coupled with Warner’s RRT would be a
simpler alternative.

In this case, for the expansion estimator denoted by eSRSWR,RR = N
n

n∑
i=1

ri, then variance

would have been V
(
eSRSWR,RR

) = N
n

N∑
i=1

(yi−Ȳ)2+N2

n (
p(1−p)
(2p−1)2 ).

Given the Warner-based RR survey data at hand gathered by PPSWR sampling in n draws
an unbiased estimate of this variance would be derived as follows:

Ŷ2 = e2
HH−v (eHH)= (

N∑
i=1

rifsi
npi

)2−v (eHH)

So, an unbiased estimate of the above V
(
eSRSWR,RR

)
would be writing eHH

(
y2) based on y2

i ’s
though in this qualitative case y2

i = yi for all i,

v
(
eSRSWR,RR

) = N
n

⎛
⎜⎜⎜⎝eHH

(
y2) −

(
N∑

i=1

rifsi
npi

)2−v (eHH)

N

⎞
⎟⎟⎟⎠ +N2

n

(
p
(
1−p

)
(2p−1)2

)

Thus gain in efficiency of PPSWR, Hansen Hurwitz estimate based on Warner’s RR’s over a
possible alternative of SRSWR, expansion estimate based on Warner’s RR is

GRR = v
(
eSRSWR,RR

) −v (eHH)

= 1
n
(N

N∑
i=1

rifsi
npi

−
( N∑

i=1

rifsi
npi

)2

)
+N2

n
(

p
(
1−p

)
(2p−1)2 )−

(
1− 1

n

)
v (eHH)

Now, let us consider a more general approach of the above in the following section.
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3. A general approach of RR estimation

To estimate =
N∑

i=1
yi, let a linear homogeneous unbiased estimator for Y based on DR data be

t
(
s,Y

) =
∑
i∈s

bsiyi

where bsi’s are constants and free of any element of Y = (y1, y2 . . . , yN) and bsi = 0 for i /∈
s. The estimator t

(
s, Y

)
will be unbiased for Y in the sense EP

(
t
(
s, Y

)) = Y if and only if∑
s�i

p (s) bsi = 1 ∀i. Here p(s) is the selection probability of a sample s.

Then the variance of t
(
s, Y

)
is

V
(
t
(
s,Y

)) = EP(t
(
s,Y

) −Y)2=EP(
∑
i∈s

bsiyi−Y)2 =
N∑

i=1
y2

i aii+
N∑
i�=

N∑
j=1

aijyiyj

where aii = EP
(
b2

si
) −1 =∑

s�i
b2

sip(s)−1 and aij = EP
(
bsibsj

) −1 = ∑
s�i,j

bsibsjp(s)−1.

Since Y is unknowable, let us consider R = (r1r2, . . . rN). These r′
is are obtained from a

suitable RR device and assumed to follow the model R :

R:
ER (ri) = yi
VR (ri) = ϕi

CR
(
ri,rj

) = 0 for i�=j= 1, 2 . . .N
where ϕi(> 0) is a function of yi alone.

Arnab (1990) proposed the above general RR model and it can be shown that most of the
qualitative and quantitative RR models satisfy the model R It was also assumed that a non
negative unbiased estimator of ϕi is ϕ̂i.

Now, replacing yi by ri in t
(
s, Y

)
we get the estimator

e
(
s,R

) = t
(
s,Y

) |Y=R =
∑
i∈s

bsiri . (1)

Here b′
sis are the constants free from ri’s as well as yi’s and bsi = 0 for i /∈ s. The estimator will

be unbiased for Y if EPER
(
e
(
s, R

)) = EREP
(
e
(
s, R

)) = Y .
Now, the variance of e

(
s, R

)
is

V
(
e
(
s,R

)) = EPER(e
(
s,R

) −Y)2 = V
(
t
(
s,Y

)) +
∑

i
αiiϕi

where αii = EP(b2
si) and ϕi = VR(ri).

Arnab (1994) proposed an unbiased estimator of V
(
e
(
s, R

))
as

v(e (s,R) ) =V̂
(
t
(
s,R

)) +
∑
i∈s

bsiϕ̂i

where V̂
(
t
(
s,R

))
is obtained by writing ri in place of yi in V̂

(
t
(
s,Y

)) =∑
i∈s

csiy2
i +

∑
i�=

∑
j∈s

csijyiyj, as an unbiased estimator of V
(
t
(
s,Y

))
. Here,

∑
s⊃i

p (s) csi = EP
(
b2

si
) −1

and
∑

s⊃i,j
p(s)csij = EP

(
bsibsj

) −1 for i�=j= 1, 2, . . . ,N. We refer to Arnab (2017) for details.

Below we consider different forms of bsi to deduce the Equation (1) in different well-known
estimators like Horvitz-Thompson (HT 1952) estimator and Rao-Hartley-Cochran (RHC
1962) estimator.
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1. If we consider bsi = 1
πi

, αii = 1
πi

and aij = πij
πiπj

− 1, the unbiased estimator of Y defined in
Equation (1) reduces to the Horvitz-Thompson estimator (1952):

e
(
s,R

) |bsi= 1
πi

=
∑

s

ri
πi

= eHT

The variance and unbiased variance estimator of eHT are

V (eHT) =
N∑

i<j=1

∑(
πiπj−πij

)
(

yi
πi

− yj

πj
)2+

N∑
i=1

ϕi
πi

and

v (eHT) =
n∑

i,j=1

∑
j>i

(
πiπj−πij

)
πij

(
ri
πi

− rj

πj
)2+

n∑
i=1

ϕ̂i
πi

2. Taking bsi = Qi
pi

, the Equation (1) reduces to Rao-Hartley-Cochran estimator (1962):

e
(
s,R

) |bsi= Qi
pi

=
∑

s

riQi
pi

= eRHC

Here, Qi = ∑N
j=1 iPij. The variance V (eRHC) and unbiased variance estimator v (eRHC) are

as follows:

V (eRHC) = VP

(∑n

i=1
yi

Qi
pi

)
+EP(

∑n

i=1
Vi

(
Qi
pi

)2
)

=

⎛
⎜⎜⎝

n∑
i=1

N2
i −N

N (N−1)

⎞
⎟⎟⎠

N∑
i=1

pi(
yi
pi

−Y)2+
N∑

i=1
ϕi(

Qi
pi

)

v (eRHC) =

⎛
⎜⎜⎝

n∑
i=1

N2
i −N

N2−
n∑

i=1
N2

i

⎞
⎟⎟⎠

n∑
i=1

Qi(
ri
pi

)2−e2
RHC+

n∑
i=1

ϕ̂i
Qi
pi

.

3. For Lahiri–Midzuno-Sen (1951, 1952, 1953) sampling scheme, if bsi = 1
ps

; ps = ∑
iεs

pi, we

get the Ratio estimator of Y as eLMS =
n∑

i=1
ri

ps
and the unbiased variance estimator is

v (eLMS) =
∑
i<j∈s

∑
(

N−1
n−1

1
ps

− 1
p2

s
)pipj[

(
ri
pi

− rj

pj
)2−

(
ϕ̂i

p2
i
+ ϕ̂j

p2
j

)]
+

∑
s

ϕ̂i
p2

s
.

For many aspects of this section, Adhikary (2016) is handy to consider.
4. For the PPSWOR sample in n draws selection-probabilities respective draw-wise

are pir
1−pi1−pi2−...−pi(r−1)

, r = 1, 2, . . . ., n and unbiased estimators for Y draw-wise are
e1 = ri1

pi1
, e2 = ri1 + ri2

pi2

(
1 − pi1

)
, . . . , en = ri1 + ri2 + . . . + ri(n−1) + rin

pin
(1 − pi1 − pi2 −

. . . − pi(n−1))

Des Raj estimator of Y is eD = 1
n (e1+e2+ . . .+en) and its unbiased variance esti-

mate is v (eD) = vP (eD)+
n∑

i=1
ϕ̂i = vP (eD)+eD(v) where vP (eD) = 1

n(n−1)

n∑
i=1

(ei−ē)2 =
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Table 1. Different RR procedures with ri, ϕi and ϕ̂i.
RR ri ϕi ϕ̂i

URL (Greenberg et al. (1969) and (1−p2)Ii−(1−p1)Ji
(p1−p2)

(1−p1)(1−p2)(p1+p2−2p1p2)

(p1−p2)2 (yi − xi)
2 ri(ri − 1)

Horvitz, Shah, and Simmons (1967))

Kuk (1990) fi/k−θ2
θ1−θ2

(1−θ1−θ2)
k(θ1−θ2)

yi + θ2(1−θ2)

k(θ1−θ2)2
(1−θ1−θ2)

k(θ1−θ2)
ri + θ2(1−θ2)

k(θ1−θ2)2

Christofides (2003) zi−μ
M+1−2μ

M∑
K=1

K2pK −μ2

(M+1−2μ)2 ; μ =
M∑

K=1
KpK (known) _

Boruch (1972) Ii−p1
(1−p1−p2)

(p2−p1)
(1−p1−p2)

yi + p1(1−p1)

(1−p1−p2)2
(p2−p1)

(1−p1−p2)
ri + p1(1−p1)

(1−p1−p2)2

Mangat and Singh (1990) zi−(1−T)(1−p)
T+(1−T)(2p−1)

(1−T)(1−p)[T+(1−T)p]
(T+(1−T)(2p−1))2 (known) _

Chaudhuri (2011)’s Device I zi−γ
μ

σ 2

μ2 y2
i + ψ2

μ2

σ2

μ2 r2
i + ψ2

μ2

1+ σ2
μ2

Chaudhuri (2011)’s Device II 1
C

(
zi −

m∑
j=1

qjxj

)
αy2

i + βyi + γ ; where α = C(1 − C),
αr2

i +βri+γ

1+α

β = −2C(
M∑

j=1
qjxj),

γ = ∑
qjx2

j − (
∑

qjxj)
2

1
2n2(n−1)

∑∑
i�=j (ei−ej)

2 and eD(v) is the Des Raj estimator of
N∑

i=1
Vi, replacing rij term in

(2) by vij = rij
(
rij−1

)
.

In the following table (Table 1), we mention a few well-known qualitative and quantitative
RR devices other than Warner’s RR device with its ri, ϕi and ϕ̂i. For detailed study of different
RR models, we refer to Chaudhuri (2011) and Arnab (2017).

4. A general approach for gain in efficiency

We have already given our theory for evaluating gain in efficiency in employing PPSWR
sampling combined with Hansen-Hurwitz estimator by Warner’s RRT data over SRSWR plus
expansion estimator with the same RRT data. For each of the other RRT’s qualitative as well as
quantitative RRT data the change is obvious, simply using the right VR(ri)′s already all given
in Table 1. Now let us present the same in general approach.

In this section, we intend to examine how much efficiency we have gain using the RR data
at hand compared to a possibility that we might instead have gone for an SRSWOR of the
same sample size.

For SRSWOR, unbiased estimator of Y is the expansion estimator which is Nr̄, with r̄ =
1
n

∑
i∈s

ri. In this case, bsi = 1
πi

= N
n and πij = n(n−1)

N(N−1)

V (Nr̄) = V
(
Nȳ

) +N
n

N∑
i=1

ϕi =N2
(

N−n
Nn

)
1

N−1

N∑
i=1

(yi−Ȳ)2+N
n

N∑
i=1

ϕi

= C1

[ N∑
i=1

y2
i −

Y2

N

]
+N

n

N∑
i=1

ϕi, writing C1 = N(
N−n

n
)

1
N−1
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Now, V
(
eDesign

) = E
(

e2
Design

)
−Y2. It is true for any design.

So, from PPSWOR in n draws Ŷ2 = e2
Design−v(eDesign).

Also,
N∑

i=1
y2

i is unbiasedly estimated by eDesign(y2) which is eDesign with each y in eDesign

replaced by y2, of course, for qualitative cases y2
i = yi because each yi equals only 1 or 0. It

should be noted that for quantitative cases ER
(
r2

i − vR (ri)
) = y2

i . In other words, r2
i − vR (ri)

is an unbiased estimator of y2
i for quantitative cases.

So, unbiased estimate of V(Nr̄) based on PPSWOR is

v(Nr̄) =C1

[
eDesign

(
y2) − Ŷ2

N

]
+N

n

ˆN∑
i=1

ϕi.

So, the gain in efficiency is GRR = v (Nr̄) − v
(
eDesign

)
from above.

5. Numerical exercise and simulation

For both qualitative and quantitative characteristics, we utilize numerical data bor-
rowing from the comprehensive paper by Chaudhuri, Christofides, and Saha (2009),
Chaudhuri and Christofides (2013)’s book may be considered also. Here, N = 116, Y =
{ 96 (qualitative)

105, 336 (quantitative) . An innocuous character is also considered here for URL model.

A size measure variable is taken to draw samples in varying probability sampling schemes.
Different sample sizes with different parameter values are considered here for simulation. We

Table 2. ϕi and
ˆN∑

i=1
ϕi , for different qualitativeand quantitative models.

RR ϕi

ˆN∑
i=1

ϕi

Warner p(1−p)

(2p−1)2 (Known)
Np(1−p)

(2p−1)2

URL (1−p1)(1−p2)(p1+p2−2p1p2)

(p1−p2)2 (yi − xi)
2 eDesign(Vi) E.g.

n∑
i=1

vi
πi

(Design: HT estimator)

Kuk (1−θ1−θ2)
k(θ1−θ2)

yi + θ2(1−θ2)

k(θ1−θ2)2
(1−θ1−θ2)

k(θ1−θ2)
eDesign + Nθ2(1−θ2)

k(θ1−θ2)2

Christofides

M∑
K=1

K2pK −μ2

(M+1−2μ)2 ; μ =
M∑

K=1
KpK (known)

N(
M∑

K=1
K2pK −μ2)

(M+1−2μ)2

Boruch (p2−p1)
(1−p1−p2)

yi + p1(1−p1)

(1−p1−p2)2
(p2−p1)

(1−p1−p2)
eDesign + Np1(1−p1)

(1−p1−p2)2

Mangat and Singh (1−T)(1−p)[T+(1−T)p]
(T+(1−T)(2p−1))2 (known)

N(1−T)(1−p)[T+(1−T)p]
(T+(1−T)(2p−1))2

Device I σ 2

μ2 y2
i + ψ2

μ2
σ 2

μ2 eDesign(y2) + N ψ2

μ2

Device II αy2
i + βyi + γ ; where α = C(1 − C), αeDesign(y2) + βeDesign + Nγ

β = −2C(
M∑

j=1
qjxj), γ = ∑

qjx2
j − (

∑
qjxj)

2
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have shown relative gain in efficiency using 100 GRR,Design
v(eSRSWR(WOR), Design)

along with the actual gain
in efficiency(GRR,Design).

6. Tables

In Table 2 below, we present the details for evaluating
ˆN∑

i=1
ϕi using RR survey data at hand, for

various RRT’s. For example, Warner’s RR model has ϕi = p(1−p)

(2p−1)2 which is known. Therefore,
ˆN∑

i=1
ϕi for this model is just the sum of all ϕi’s. However, ϕi of Kuk’s model depends on the

unknown y-value. Thus,
N∑

i=1
ϕi can be estimated here from the PPS sample at hand and the

estimator is mentioned in the third column of Table 2. Utilizing the formulae for various
sampling strategies combined with various RRT’s, we present the numerical evaluations of the
gain in efficiency in employing complex strategies versus simpler alternatives in the Tables 3–
7. Different parameter values are mentioned in the third column of the mentioned tables. For
example, the parameter p is taken as .3, 0.4 and 0.7 for Warner’s RR model. For URL model,
parameters (p1p2) are taken as (0.25, 0.55) , (0.25, 0.65) and (0.4, 0.6) in Table 3. Estimated
population total (eDesign) and its unbiased variance estimate (v

(
eDesign

)
) are given for each

sampling design in fourth and eighth columns of the tables. Using the RR survey data at
hand, unbiased estimate of variance for simpler alternative is computed and shown in the
fifth column of Tables 3–7. Here “I” stands for the design-based estimated variance from PPS

sample and “II” for the estimate of
N∑

i=1
ϕi.

7. Conclusion

From the values of the estimated variances, it can be concluded that (PPSWR-HH estimator)
is substantially more gainful in efficiency than (SRSWR-Expansion estimator) irrespective of
the considered RR models. Also, (PPSWOR-Des Raj estimator) is more gainful compared to
(SRSWOR-Expansion estimator). Compared to Lahiri-Midzuno-Sen (LMS) sampling design
-Ratio estimator and Horvitz Thompson estimator with SRSWOR-Expansion estimator,
LMS-Ratio estimator is more gainful for each and every RR model.
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